T HE average trajectory dynamics of low-thrust spacecraft with time-varying, continuous controls can be determined by a finite set of fundamental thrust acceleration coefficients [1] . This approach is based on first-order averaging of the Gauss equations and representation of each directional component of the thrust acceleration as a Fourier series in eccentric anomaly: , even if the original Fourier series are of higher or infinite order.
In [2] , this method was used to solve orbital targeting problems with minimal constraints on the thrust direction and orbital parameter space. The solutions to these targeting problems take the form of periodic controls that solve the problem on average with continuously varying magnitude and direction.
Electric propulsion systems operate on a range of throttle points [3, 4] , and thruster efficiency and engine wear rates vary at different points [5, 6] . Multiple engine failure modes exist, and their occurrence and timing depend on the specific impulse and propellant throughput levels required by the mission [7] . Control laws that use the highest-efficiency or lowest-wear throttle points could extend thruster lifetime and mission duration.
Although the continuously varying controls found in [2] are useful for estimating trajectories or initializing numerical optimizers, they are not well suited for implementation by existing low-thrust engines. The magnitudes and frequencies of these controls are highly variable, and they might require significant operational time at the lowerefficiency/higher-wear throttle levels. The rapid switching required by the continuously varying controls does not make the best use of the engine's capabilities. Redesigning these controls to operate with constant thrust arcs at the preferred throttle points could extend mission length without adding fuel mass.
Although only 14 acceleration coefficients affect the average trajectory dynamics, higher-order coefficients can still modify the shape and frequency of the control itself. This Note describes several approaches for selecting higher-order coefficients to shape a control into a more implementable form without altering the average trajectory. Transformation of continuous low-thrust controls to equivalent impulsive controls is also discussed.
In this Note, "equivalent" controls are defined as those which share the same 14 fundamental control coefficients and, as such, cause the same average trajectory dynamics. Because the defining equations are nonlinear, multiple equivalent solutions can exist and are expected in many cases.
II. Coefficient Selection for Constant Thrust Arcs
The control shaping methods are initialized with a set of 14 control coefficients that accomplish an orbital transfer of interest. Without higher-order terms, the initial control can be realized as a timevarying thrust acceleration. By adding higher-order terms, the control can be changed to a series of constant thrust arcs.
A. Equivalent Control Function: Two Steps
A step function shape with five defining parameters, to match the maximum number of significant coefficients in each of the thrust directions, is considered. The function in Fig. 1a is defined by A, E 1 , E 2 , E 3 , and E 4 or, equivalently, A,
, and E 2 E 3 E 4 ∕2. Note that ΔE 1;2 < 0 is permitted; this merely reverses the direction of the thrust. Steps of different magnitudes can be accomplished by setting ΔE 1 > 0, ΔE 2 < 0, and partially overlapping steps.
The Fourier series for this function is defined by 
The coefficients α 0;1;2 and β 0;1;2 in each thrust direction are fixed by the targeting requirements. (In the radial thrust direction, the coefficient β R 2 does not appear in the averaged secular equations, and so it can be set to zero or any other value.) For k 1; 2, Eqs. (4-6) are simplified as follows:
Equations (7-11) can be solved for the unknowns, A, ΔE 1;2 , and E 1;2 , and then these values can be used to calculate the Fourier coefficients of order 3 and higher. The inversion of Eqs. (7-11) is not unique; for a given set of values fα 0 ; α 1 ; α 2 ; β 1 ; β 2 g, multiple sets of solutions fA; ΔE 1 ; ΔE 2 ; E 1 ; E 2 g may be found. Each directional component of the original control is transformed into a two-step control with equivalent average trajectory dynamics. Over three revolutions, the velocity increment ΔV for the orbit transfer with the original control is 2320.6 m∕s. The ΔV for the transfer with the step control is 2439.1 m∕s, a 5% increase.
B. Constant-Magnitude Control
These transformations to equivalent controls are motivated by the operational profiles of low-thrust propulsion systems. The method described in Sec. II.A transforms each directional component of the control to a step function, which is a valuable improvement, but does not consider the relations between the directional components. For example, if one gimballed thruster was required to execute all of the thrust arcs shown in Fig. 2 , there would still be frequent switching in thrust direction and magnitude.
To reduce this switching, multiple thrust directions can be transformed simultaneously. The planar case is considered, with a control consisting of three steps of constant magnitude, as pictured in Figs. 1b and 1c . The direction of the thrust λ is constant throughout each step. This thrust acceleration profile has 10 unknown parameters: A,
, and λ 3 . Using the definitions of Fourier coefficients, equations for the nine key acceleration coefficients can be written in terms of these unknown parameters: 
Equations (12-17) with k 1, 2 are solved for the unknowns, which are then used to calculate higher-order Fourier coefficients.
An example of this method is shown in Fig. 3 . The initial control is the solution to a targeting problem in which the semimajor axis is increased and eccentricity is decreased over three orbits while the other orbital elements are held constant. The velocity increment ΔV for the orbit transfer with the original control is 1503.8 m∕s.
The ΔV for the transfer with the constant-magnitude step control is 1506.7 m∕s.
To make this method fully general, out-of-plane thrust acceleration can be included. This requires a step control defined by 14 parameters with a constant acceleration magnitude and variable thrust direction in three dimensions.
III. Impulsive Controls
Although the averaged secular equations [1] are based on an assumption of low-thrust continuous control, they show approximate agreement with the Newtonian equations of motion for cases of impulsive thrust in which the size and shape of the orbit does not change significantly from one revolution to the next. An impulsive change in velocity may be approximated by a step function where the duration of the step approaches zero. The function to be modeled by a Fourier series has the shape shown in Fig. 1d . This function can be described by the delta function:
For a function with n impulses, the Fourier coefficients are 
Equations (19-21) have a specific structure, which may be useful for determining whether an unfamiliar spacecraft has performed an impulsive maneuver. Given two or more state observations of a spacecraft, one of the targeting methods in [2] can be used to determine the 14 coefficients of the average control that connects the two states. can then be evaluated and solved for E Δ V . If these result in the same value of E Δ V for each thrust direction, it can be concluded that the spacecraft performed one impulsive maneuver with ΔV given by Eq. (19). The problem of identifying and estimating spacecraft maneuvers occurs frequently in the field of space situational awareness [8] [9] [10] . The detection of a change in the orbit of a satellite is generally not sufficient to determine the manner of the maneuver that the satellite implemented. Reference [1] provides a method to fit a continuous maneuver to a change in a body's orbit. However, many spacecraft actually implement impulsive maneuvers to effect such a change. Equations (22) and (23) provide a method to detect whether such a change in orbit is due to a continuous or impulsive burn, without having to explicitly search for the ΔV and direction of the burn.
A time-varying control can be shaped into an impulsive control using an approach similar to the methods described in the Secs. II.A and II.B. If each thrust direction is considered separately, as in Sec. II.A, the impulsive control in each direction must have five degrees of freedom. Figures 4a and 4b show an example of a transformation from a continuous low-thrust control to an impulsive control using this method. A control shape with three impulses, two with the same ΔV, was used. Equations (19-21) with k 1, 2 were solved for the unknowns ΔV A , ΔV B , E ΔV 1 , E ΔV 2 , and E ΔV 3 , then the Fourier coefficients of order 3 and higher were calculated.
IV. Conclusions
A time-varying low-thrust control described as a finite Fourier series can be transformed into various other types of controls by selection of higher-order Fourier coefficients. Such transformations can reduce the amount of throttling required by the low-thrust engine.
This approach can also transform low-thrust continuous controls into impulsive controls with equivalent average trajectory dynamics.
Several potential applications of this method exist. Shaping transformations can enable realization of realistic control profiles for trajectories with estimated coefficients. The nonuniqueness of the shaping relationships permits mission designers to optimize a control across different realization types and choose a control that maximizes engine efficiency and lifetime.
Applicability of the averaged secular equations to impulsive controls may be useful in the field of space situational awareness. The theory outlined in this Note provides a method to detect whether a change in orbit is due to an impulsive or continuous burn, without having to explicitly search for parameters of the burn.
